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Non-acyclic SL2-representations of twist knots
Ryoto Tange, Anh T. Tran and Jun Ueki
Abstract
We study irreducible SL2-representations of twist knots. We first determine all non-
acyclic SL2(C)-representations, which turn out to lie on a line denoted as x = y in
R2. Our main tools are character variety, Reidemeister torsion, and Chebyshev poly-
nomials. We also verify a certain common tangent property, which yields a result on
L-invariants. Secondly, we prove that a representation is on the line x = y if and only
if it factors through the (−3)-Dehn surgery, and is non-acyclic if and only if the image
of a certain element is of order 3. Finally, we study absolutely irreducible non-acyclic
representations ρ over a field with char = p > 2 to concretely determine all non-trivial
L-invariants Lρ of the universal deformations over a CDVR. We show among other
things that Lρ =˙ (x− α)2 for every generic case and exhibit various examples.
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Introduction
We study irreducible SL2-representations of twist knots. In this introduction, we fix our conven-
tions, state all theorems, outline our arguments in this article, and attach remarks.
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For each n ∈ Z, the twist knot J(2, 2n) is defined by the diagram below, the horizontal twists
being right handed if n is positive and left handed if negative.
 -full twistsn
We have J(2, 0) = 01 (unknot), J(2, 2) = 31 (trefoil), J(2, 4) = 52, and J(2,−2) = 41 (figure-
eight knot). Regarding a 1/2-full twist to be a half twist, J(2,−2n) and J(2, 2n + 1) are the
mirror images to each other, hence we only consider J(2, 2n).
The knot group πn := π1(S
3 − J(2, 2n)) of J(2, 2n) admits the following presentation [HS04,
Proposition 1]:
πn = 〈a, b | awn = wnb〉 , w = [a, b−1] = ab−1a−1b.
Since twist knots are 2-bridge knots, the Culler–Shalen theory [CS83] together with Riley’s
calculation assures that conjugacy classes of ρ ∈ Hom(πn,SL2(C)) are parametrized by x :=
tr ρ(a) and y := tr ρ(ab).
A representation ρ is said to be acyclic if Hi(π, ρ) = 0 holds for every i and non-acyclic if
otherwise. In Section 1, we prove the following theorem.
Theorem A (Non-acyclic representations). Conjugacy classes of non-acyclic irreducible SL2(C)-
representations of J(2, 2n) are exactly given by x = y = 1− 2 cos 2πk
3n− 1 , 0 < k 6
|3n − 1| − 1
2
,
k ∈ Z.
This implies that every such representation corresponds to a point on the diagonal x = y
in R2 ⊂ C2. In order to prove this assertion, we investigate the intersection of curves defined
by Chebyshev-like polynomials fn(x, y), τn(x, y) ∈ Z[x, y]. The polynomial fn(x, y) defines a
component of the character variety and coincides with the Riley polynomial Φn(x, u) via −u =
y − x2 + 2. The polynomial τn(x, y) is the Reidemeister torsion regarded as a function so that
τn(x, y) = 0 iff a representation ρ with (tr ρ(a), tr ρ(ab)) = (x, y) is non-acyclic. We first prove
that the intersection of their zero set lies on x = y and then determine all common roots of
fn(x, x) and τn(x, x). We also introduce several Chebyshev-like polynomials gn, hn, kn ∈ Z[x]
and prove fn(x, x) = gnkn, τn(x, x) = hnkn, where kn is the greatest common divisor. The roots
of gn and kn are also determined. We in addition prove the following theorem.
Theorem B (The common tangent property). The two curves fn(x, y) = 0 and τn(x, y) = 0
in R2 have a common tangent line at every intersection point, while the second derivatives of
their implicit functions do not coincide. In other words, every zero of τn(x, y) on fn(x, y) = 0
has multiplicity two in the function ring C[x, y]/(fn(x, y)).
At the end of Section 1, we define τ = τn(x, yf (x)) = τn(xf (y), y) by using the implicit
functions y = yf (x) and x = xf (x) of fn(x, y) = 0 around a non-acyclic representation and give
explicit formulas of the 2nd derivatives (Corollary 1.19).
In Section 2, we address a characterization problem of non-acyclic representations. We first
prove the following theorem.
Theorem C (−3-Dehn surgery). The conjugacy class of an irreducible SL2(C)-representation
ρ of J(2, 2n) is on the line x = y if and only if ρ factors through the −3-Dehn surgery.
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In the proof, we invoke Riley’s explicit representation and the relation formula of the eigen-
values at the meridian and the longitude. We also give an alternative proof for the only if
part of Theorem C, which is clearly workable over Z, hence over a field with positive char-
acteristic, by introducing doubly-indexed Chebyshev-like polynomials dm,n(x, y) ∈ Z[x, y] with
dn,n(x, x)− 2 = (x− 2)(x+ 1)2fn(x, x)2 (Proposition 2.5).
We further prove the following theorem on a characterization of non-acyclic representations.
Theorem D (Characterization). The conjugacy class of an irreducible SL2(C)-representation
ρ of J(2, 2n) on x = y is non-acyclic if and only if ρ(a−1wn) is of order 3.
Our study is indeed motivated by a problem in arithmetic topology. In Section 3, based on our
study of non-acyclic representations, we investigate the L-invariants of universal deformations
of residual representations, which was introduced in [KMTT18] in a perspective of the Hida–
Mazur theory. Let ρ : πn → SL2(F ) be a representation over a field F with char = p > 2 and a
completed discrete valuation ring (CDVR) O with the residue field F . A deformation (or a lift)
of ρ over a complete local O-algebra R is a representation ρ : πn → SL2(R) with the residual
representation ρ. A universal deformation ρ : πn → SL2(R) of ρ over O is a deformation such
that any deformation over any R uniquely factors through ρ up to strict equivalence. If ρ is
absolutely irreducible, then ρ uniquely exists up to O-isomorphism and strict equivalence.
When R is a Noetherian UFD and the group homology H1(πn,ρ) with local coefficients is
a finitely generated torsion R-module, the L-invariant Lρ ∈ R/ =˙ is defined to be the order of
H1(πn,ρ), where =˙ denotes the equality up to multiplication by units in R. Let ∆ρ,i(t) denote
the i-th ρ-twisted Alexander polynomials. Then we have Lρ =˙ ∆ρ,1(1). A general theory of
twisted invariants yields Lρ =˙ τρ∆ρ,0(0). For most cases we have ∆ρ,0 =˙ 1, so that we have Lρ
˙6= 1 if and only if τρ = 0, that is, ρ is non-acyclic. Now B. Mazur’s Question 2 in [Maz00, page
440] may be varied as follows:
Problem. Investigate the L-invariants Lρ of the universal deformations ρ over O of absolutely
irreducible non-acyclic residual representations ρ.
We completely answer this problem for the case of twist knots. Indeed, we will determine
all residual representations with non-trivial L-invariants, as well as explicitly determine the L-
invariants themselves and exhibit various examples. Among other things, we prove the following
theorem, whose precise version is given as Proposition 3.9 (an analogue of Theorem A over F
with char = p > 2) and Theorem 3.24.
Theorem E. Every absolutely irreducible representation ρ : πn → SL2(F ) of a twist knot corre-
sponds to a root of kn in F .
Suppose that ρ corresponds to a root α of kn with multiplicity m and that α1 = α, · · · , αm are
distinct lifts of α with kn(αi) = 0 and α ∈ O. If ∂fn
∂y
(α,α) 6= 0 holds, so that there is a universal
deformation ρ : πn → SL2(O[[x− α]]) over O, then the equalities
Lρ =˙ kn(x)
2 =˙
∏
i
(x− αi)2
in R = O[[x− α]] hold. If in addition p ∤ 3n− 1, then m = 1 and Lρ =˙ (x− α)2 holds.
If instead
∂fn
∂x
(α,α) 6= 0, then a similar equality holds in R = O[[y − α]].
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Since the character variety and the Reidemeister torsion are indeed defined over Z, our ar-
guments over C are mostly applicable over any domain. An analogue of Theorem A over F
determines all representations with nontrivial L-invariants and that of Theorem B over R proves
that every zero of the L-invariant is of order two.
We remark that the common tangent property is also observed for non-acyclic representations
of several other two-bridge knots. Although our proof is based on direct calculations, we expect
some geometric background for Theorems B and hence E, that is yet to be revealed.
Our work in this article is derived from the scope of the following dictionary of analogy be-
tween knots and prime numbers (cf. [MT07, MTTU17, KMTT18], [Mor12, Chapter 14]).
Low dimensional topology Number theory
Deformation space of hyperbolic structures Universal p-ordinary modular deformation space
Dehn surgery points with Z-coefficient Arithmetic points
Arithmetic interpretations of the −3-Dehn surgery and “x = y” would be of interest in our future
study, while Theorem D would help the study of the images of representations. Our work indeed
lives in the complement of the dictionary above in an extended picture. See also Remarks 2.7
and 3.25.
This article is organized as follows. All theorems are already stated in this introduction.
In Section 1, we prove Theorems A and B on non-acyclic representations of twist knots. In
Subsections 1.1–1.3, we recall the Chebyshev polynomials Sn, the defining polynomials fn(x, y)
of the character varieties, and the Reidemeister torsions τn(x, y) respectively, and prepare several
lemmas and propositions. In Subsection 1.4, we study the common roots of fn and τn to prove
Theorem A. In Subsection 1.5, we introduce several Chebyshev-like polynomials gn, hn, and kn in
Z[x] to describe the common divisors of fn(x, x) and τn(x, x). In Subsection 1.6, we calculate the
slopes of tangent lines of the curves fn = 0 and τn = 0 to verify Theorem B. We also investigate
the derivatives of τ = τn(x, yf (x)) = τn(xf (y), y). In Subsection 1.7, we attach the tables of our
polynomials and graphs with some observational remarks.
In Section 2, we address a characterization problem of non-acyclic representations and prove
Theorems C and D. In Subsection 2.1, we recall the Dehn surgery and remark some related
results. In Subsection 2.2, we prove Theorem C by using eigenvalues method. In Subsection
2.3, we introduce doubly-indexed Chebyshev polynomials dm,n to partially give an alternative
proof of Theorem C. In Subsection 2.4, we recall Riley’s representation and attach an outline of
another partial proof. In Subsection 2.5, we introduce another Chebyshev-like polynomial cn to
prove Theorem D and give a remark.
In Section 3, we study the L-invariants of universal deformations. In Subsection 3.1, we
overview the definitions and the relationships of Reidemeister torsions and twisted Alexander
invariants. In Subsection 3.2, we study absolutely irreducible residual representations over a field
F with char = p > 2. We prepare several fundamental tools and establish a version of Theorem A
over F . In Subsection 3.3, we investigate universal deformations ρ and point out the relationship
between τρ and τn(x, y). In Subsection 3.4, we determine all residual representations with non-
trivial L-invariants, as well as determine the L-invariants themselves. We obtain a precise version
of Theorem E as a consequence of Theorem B. In Subsection 3.5, we give a systematic study of
examples of residual representations with non-trivial L-invariants.
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1. Non-acyclic representations
1.1 Chebyshev polynomials
We define the Chebyshev polynomial Sn(z) ∈ Z[z] of the second kind for each n ∈ Z by
Sn(2 cos θ) = sinnθ
sin θ
with θ ∈ R, or equivalently, by S0(z) = 0, S±1(z) = ±1, and the bi-monic
Chebyshev recurrence formula Sn+1(z)−zSn(z)+Sn−1(z) = 0. We in addition have S±2(z) = ±z,
S±3(z) = ±(z2 − 1), . . . . (We prefer to use Sn instead of Sn = Sn+1 in the references, since the
symmetricity S−n = −Sn simplifies our argument.) We may easily verify the following lemmas.
Lemma 1.1. (1) We have Sn(±2) = (±1)n−1n for every n ∈ Z. Suppose z 6= ±2 and z = s+ s−1
for some s ∈ C∗. Then we have Sn(z) = (sn − s−n)/(s − s−1) for every n ∈ Z.
(2) Let R be any commutative ring with z ∈ R and suppose that (pn)n ∈ RZ satisfies
the recurrence formula pn+1 − zpn + pn−1 = 0. Then we have pn = p1Sn(z) − p0Sn−1(z) =
p0Sn+1(z) − p−1Sn(z) for every n ∈ Z.
Lemma 1.2. We have Sn+1(z)2 + Sn(z)2 − zSn+1(z)Sn(z) = 1 for every n ∈ Z.
1.2 Character variety
We recall the description of the SL2(C)-character variety of J(2, 2n) with use of the Chebyshev
polynomials by following [NT16].
For each g ∈ πn, let tr g denote the map Hom(πn,SL2(C)) → C; ρ 7→ tr ρ(g). Then we have
x = tr a = tr b, y = tr ab = tr ba. We also put z = trw = tr ab−1a−1b.
Lemma 1.3. We have z = 2x2 − x2y + y2 − 2, hence z − 2 = −(y − 2)(x2 − y − 2).
Proof. We have trAB = trBA = trA trB − trAB−1 for any A,B ∈ SL2(C), hence trA−1 =
trA and trA2 = (trA)2 − 2. These formulas yield z = trw = tr ab−1a−1b = tr bab−1a−1 =
tr ba tr b−1a−1− tr baab = y2− tr a tr ab2+tr b2 = y2−x(tr ab tr b− tr a)+ (x2− 2) = y2−x(xy−
x) + (x2 − 2) = y2 − x2y + 2x2 − 2 = 2x2 − x2y + y2 − 2.
We put fn(x, y) = (y − 1)Sn(z)− Sn−1(z) for each n ∈ Z. Then we have f0 = 1, f1 = y − 1,
and fn+1− zfn+ fn−1 = 0. The following proposition slightly refines the arrangement in [NT16,
(1.2), (1.3)] of Le’s Theorem [Le93, Theorem 3.3.1]. (Note that K−n = J(2, 2n) holds for K−n
in [NT16].)
Proposition 1.4. The SL2(C)-character variety of πn is given by (x
2 − y − 2)fn(x, y) = 0.
Namely, (x, y) ∈ C2 satisfies (x2 − y − 2)fn(x, y) = 0 if and only if (x, y) = (tr ρ(a), tr ρ(ab))
holds for some representation ρ. Each conjugacy class of irreducible representations corresponds
to each point on fn(x, y) = 0 with x
2 − y − 2 6= 0.
Proof. By Le’s Theorem [Le93, Theorem 3.3.1], the SL2(C)-character variety of πn is given
by f˜n = tr aw
nb−1 − trwn = tr b−1awn − trwn. Since tr gwn+1 = tr gwn trw − tr gwn−1 =
z tr gwn− tr gwn−1 holds for any g, we have f˜n+1− zf˜n+ f˜n−1 = 0 for any n ∈ Z. In addition, we
have f˜0 = tr ab
−1−2 = tr a tr b−1−tr ab−2 = x2−y−2 = (x2−y−2)f0 and f˜1 = tr awb−1−trw =
tr ab−1− z = x2− y− z = (x2− y− 2)− (z− 2) = (x2− y− 2)(y− 1) = (x2− y− 2)f1. Therefore
we have f˜n = (x
2 − y − 2)fn for any n ∈ Z. Again by [Le93, Theorem 3.3.1], the divisor
x2 − y − 2 corresponds to the curve of reducible representations, while fn coincides with the
Riley polynomial Φn(x, u) via −u = y − x2 + 2.
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1.3 Reidemeister torsion
We recall the Reidemeister torsion and prove the recurrence formula.
For an acyclic irreducible representation ρ : πn → SL2(C), the Reidemeister torsion τρ :=
τρ(S
3− J(2, 2n)) is defined in a usual way. We just remark that our convention precisely follows
that in [Tra16, Section 4]. This τρ extends to a function τn = τn(x, y) over the character variety
such that we have τn(x, y) = 0 if and only if a representation ρ with (tr ρ(a), tr ρ(ab)) = (x, y)
is non-acyclic. This function τn(x, y) coincides with the Reidemeister torsion of Riley’s universal
representation (cf. Subsection 3.3). Such convention also plays an important role, for instance,
in the study of hyperbolic deformation (cf. [Por18, Section 3.2]).
The second author proved the following formula (1) in [Tra16, Theorem 1], whose assumption
x 6= 2 there may be removed by Kitano’s result [Kit96], and remarked that we indeed have
τn ∈ Z[x, y]. (This formula generalizes to all genus one two-bridge knots [Tra18, Theorem 2].)
Proposition 1.5. (1) The Reidemeister torsion τn = τρ(S
3 − J(2, 2n)) for a representation ρ
with (tr ρ(a), tr ρ(ab)) = (x, y) is given by
τn = (2− x)Sn+1(z)− Sn−1(z)− 2
z − 2 + xSn(z) = 2
(z − x)Sn(z) + (x− 2)(Sn−1(z) + 1)
z − 2
in Z[x, y]. If z = 2, then τn = (2− x)n2 + xn holds.
(2) The sequence of polynomials τn ∈ Z[x, y] is determined by τ0 = 0, τ1 = 2, and the
recurrence formula τn+1 − zτn + τn−1 − 2(x− 2) = 0 for n ∈ Z.
Proof. We prove (2). By definition, we have τ0 = 0 and τ1 = 2. We first suppose z 6= 2. Then
the sequence (τn +
2(2− x)
z − 2 )n is a linear combination of Chebyshev polynomials and obeys the
Chebyshev recurrence formula (τn+1 +
2(2 − x)
z − 2 ) − z(τn +
2(2 − x)
z − 2 ) + (τn−1 +
2(2− x)
z − 2 ) = 0,
which yields τn+1 − zτn + τn−1 − 2(x− 2) = 0.
If we instead suppose z = 2, then by τn = (2−x)n2+xn, we have τn+1−2τn+τn−1−2(x−2) =
(2− x)((n + 1)2 − 2n2 + (n − 1)2) + x((n + 1)− 2n + (n− 1)− 2(x− 2) = 0.
1.4 Non-acyclic representations
Here we prove Theorem A. Note that Propositions 1.4 and 1.5 yield the following equivalences
respectively:
fn(x, y) = 0 ⇐⇒
iff
(y − 1)Sn(z) = Sn−1(z) · · · 1©,
τn(x, y) = 0 ⇐⇒
iff
{
(z − x)Sn(z) + (x− 2)Sn−1(z) + (x− 2) = 0 · · · 2© if z 6= 2,
(2− x)n2 + xn = 0 · · · 2©′ if z = 2.
Lemma 1.6. If fn(x, y) = τn(x, y) = 0, then we have n 6= 0, 1 and z 6= ±2. If in addition x = y,
then we have x 6= −1, 0, 2, 3.
Proof. If n = 0, then 1© yields 0 = −1. If n = 1 and z 6= 2, then 2© yields z − 2 = 0. If n = 1
and z = 2, then 2©′ yields 2 = 0. Since we obtain a contradiction in every case, we have n 6= 0, 1.
Suppose z − 2 = −(y − 2)(x2 − y − 2) = 0. Recall Sn(2) = n. If y − 2 = 0, then fn(x, y) = 0
yields n = n−1, hence a contradiction. If x2−y−2 = 0, then fn(x, y) = 0 and τn(x, y) = 0 yield
(x2 − 3)n = n− 1 and (2− x)n2 + xn = 0, hence x = −1 and 3n− 1 = 0, contradicting n ∈ Z.
Suppose instead z + 2 = 2x2 − x2y + y2 = 0. Recall Sn(−2) = (−1)n−1n. By fn(x, y) = 0,
we have yn − 1 = 0, hence y = 1
n
. If n is even, then τn(x, y) = 0 yields x =
2
1− n and
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z + 2 =
(3n − 1)2
n2(n+ 1)2
6= 0. If n is odd, then τn(x, y) = 0 yields x = 0 and z + 2 = 1
n2
6= 0. Hence
contradiction.
If we assume x − y = 0, then we have z − 2 = −(x − 2)2(x + 1) and z + 2 = x2(3 − x). By
z 6= ±2, we have x 6= −1, 0, 2, 3.
Lemma 1.7. Suppose z 6= ±2 and x = y. Then by writing 1 − x = t + t−1 for t ∈ C∗, we have
z = t3 + t−3, hence Sn(z) = (t3n − t−3n)/(t3 − t−3).
Proof. Note that z = −x3+3x2−2 = 3(x−1)− (x−1)3 = −3(t+ t−1)− (−(t+ t−1))3 = t3+ t−3
and put s = t3. Then Lemma 1.1 (1) yields the assertion.
The following proposition is the former half of Theorem A.
Proposition 1.8. For every n 6= 0, 1, the intersection of fn(x, y) = 0 and τn(x, y) = 0 lies on
the line x = y in C2.
Proof. Suppose fn(x, y) = τn(x, y) = 0. Then the equalities 1© and 2© yield (y − 2)(x2 − x −
y)Sn(z) = x − 2 · · · 3©. By 1© and Lemma 1.2, we have (1 + (y − 1)2 − z(y − 1))Sn(z)2 =
1 · · · 4©. Now 3© and 4© yield (x − 2)2(1 + (y − 1)2 − z(y − 1)) = ((y − 2)(x2 − x − y))2. Hence
(y− 2)(x− y)2(x2− y− 2) = 0, that is, (z− 2)(x− y)2 = 0. By Lemma 1.6, we obtain x = y.
For each v ∈ R, let ⌊v⌋ denote the largest integer less than or equal to v. The following
proposition is the latter half of Theorem A.
Proposition 1.9. For every n ∈ Z, the roots of fn(x, x) are given by x = 1 − 2 cos kπ
3n− 1
for k ∈ Z with 0 < k < |3n − 1|. The common roots of fn(x, x) and τn(x, x) are given by
x = 1 − 2 cos 2kπ
3n− 1 for k ∈ Z with 0 < k 6
|3n− 1| − 1
2
. There are ⌊|3n − 1| − 1
2
⌋ common
roots, and they are all real numbers.
Proof. By Lemmas 1.6 and 1.7, if we write 1 − x = t + t−1 with t ∈ C∗, then we have z =
s+ s−1 6= ±2 for s = t3,
Sn(z) = s
n − s−n
s− s−1 =
t3n − t−3n
t3 − t−3 , and Sn−1(z) =
sn−1 − s−(n−1)
s− s−1 =
t3(n−1) − t−3(n−1)
t3 − t−3 .
Hence fn(x, x) = (x − 1)Sn(z) − Sn−1(z) = − t
3n−1 − t−3n+1
t− t−1 = −S3n−1(1 − x). Therefore
fn(x, x) = 0 holds iff (t
3n−1 + 1)(t3n−1 − 1) = 0 holds under the assumption z 6= ±2. Since
x 6= −1, 3 (Lemma 1.6), the roots of fn(x, x) are given by x = 1 − 2 cos kπ
3n− 1 for k ∈ Z with
0 < k < |3n − 1|.
Now by 3©, such t corresponds to a common root of fn(x, x) and τn(x, x) if and only if
(x2−2x)Sn(z) = 1 holds, that is, (t2+t−2+1)(t3n−t−3n) = t3−t−3 · · · 5© holds. If t3n−1−1 = 0,
then this equality 5© holds. If t3n−1+1 = 0, then 5© implies t6 = 1, contradicting z 6= ±2 (Lemma
1.6). By x 6= −1, 0, 2, 3 (Lemma 1.6), all common roots of fn(x, x) and τn(x, x) are given by
x = 1− (t+ t−1) = 1− 2 cos 2πk
3n− 1 for k ∈ Z with 0 < k <
|3n − 1|
2
.
Proof of Theorem A. Now the assertion follows from Propositions 1.8 and 1.9.
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Remark 1.10. The proof of Theorem A is also applicable to the case where C is replaced by
any field C with char = 0, by regarding 2 cos
kπ
3n − 1 to be ζ3n−1 + ζ
−1
3n−1 for a fixed (3n − 1)-th
root of unity ζ3n−1 in an algebraic closure C of C.
A version of Theorem A over a finite field will be given in Section 3.
1.5 Common divisors
Here we study the greatest common divisors kn of fn(x, x) and τn(x, x) by introducing several
Chebyshev-like polynomials. Propositions 1.11 and 1.12 clarify that Theorem A exactly detects
all common roots.
Proposition 1.11. Define kn, gn, hn ∈ Z[x] for n ∈ Z by
k0 = −1, k1 = 1, g0 = −1, g1 = x− 1, h0 = 0, h1 = 1,
k2n − (x2 − 3x)k2n−1 + k2n−2 = 0, k2n+1 + xk2n + k2n−1 = 0,
g2n + xg2n−1 + g2n−2 = 0, g2n+1 − (x2 − 3x)g2n + g2n−1 = 0,
and the same recurrence formula as gn for hn. Then fn(x, x) = gnkn and τn(x, x) = 2hnkn hold
for every n ∈ Z.
Proof. Here we write fn = fn(x, x) and τn = τn(x, x). We have gnkn = fn and 2hnkn = τn
for n = −1, 0, 1 (See also the table in Subsection 1.7). Suppose that the assertion holds if n is
replaced by n∓ 1, n∓ 2, n ∓ 3. Note that z = z|x=y = −x3 + 3x2 − 2 = −(x− 1)(x2 − 2x− 2).
If n is even, we have
fn∓1 = zfn∓2 − fn∓3
= zfn∓2 − gn∓3kn∓3
= zfn∓2 − ((x2 − 3x)gn∓2 − gn∓1)(−xkn∓2 − kn∓1)
= zfn∓2 + x(x2 − 3x)fn∓2 − fn∓1 + (x2 − 3x)gn∓2kn∓1 − xgn∓1kn∓2.
Since z + x(x2 − 3x) = −2, we obtain
2fn∓1 + 2fn∓2 = (x2 − 3x)gn∓2kn∓1 − xgn∓1kn∓2.
Hence we obtain
gnkn = (−xgn∓1 − gn∓2)((x3 − 3x)kn∓1 − kn∓2)
= −x(x3 − 3x)fn∓1 + fn∓2 − (2fn∓1 + 2fn∓2)
= zfn∓1 − fn∓2
= fn.
If n is odd, we have
fn∓1 = zfn∓2 − fn∓3
= zfn∓2 − gn∓3kn∓3
= zfn∓2 − (−xgn∓2 − gn∓1)((x2 − 3x)kn±2 − kn∓1)
= zfn∓2 + x(x2 − 3x)fn∓2 − fn∓1 − xgn∓2kn∓1 + (x2 − 3x)gn∓1kn±2,
hence
2fn∓1 + 2fn∓2 = −xgn∓2kn∓1 + (x2 − 3x)gn∓1kn±2.
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Hence we obtain
gnkn = ((x
2 − 3x)gn∓1 − gn∓2)(−xkn∓1 − kn∓2)
= −x(x2 − 3x)fn∓1 + fn∓2 − (2fn∓1 + 2fn∓2)
= zfn∓1 − fn∓2
= fn.
Therefore fn = gnkn holds for every n ∈ Z.
Since gn and hn obey the same recurrence formula, by slightly modifying the argument
above, we obtain τn = 2hnkn. For instance, suppose that n is even and that the assertion
holds if n is replaced by n ∓ 1, n ∓ 2, n ∓ 3. Then we have τn∓1 = zτn∓2 − τn∓3 ∓ 2(x − 2),
τn∓1 + τn∓2 = (x2 − 3x)hn±2kn∓2 − hn±1kn∓1, and 2hnkn = zτn∓1 − τn∓2 ∓ 2(x − 2) = τn. We
obtain the assertion for odd n in a similar way.
Proposition 1.12. We have k2n = S3n(1 − x) + S3n−1(1 − x) and k2n+1 = S3n+1(1 − x) for
n ∈ Z. This kn is the greatest common divisor of fn(x, x) and τn(x, x).
Proof. We have k0(x) = −1 = 0+(−1) = S0(1−x)+S−1(1−x), k1(x) = 1 = S1(1−x). We may
in addition verify that the right hand sides satisfy the recurrence formula for kn by using that
for Sn. The GCD property is obtained by Proposition 1.9 and the following equalities (cf. [LT15,
Lemma 4.13]):
Sn(z) =
∏
0<k<n
(z − 2 cos kπ
n
), Sn(z) + Sn−1(z) =
∏
0<k<n
(z − 2 cos 2kπ
2n− 1),
and S−n(z) = −Sn(z) for every n ∈ Z>0.
The values of kn at x = −1, 0, 2, 3 will be used in Section 3.
Corollary 1.13. For any n ∈ Z, we have k2n(−1) = 6n − 1, k2n+1(−1) = 3n + 1, k4n(0) =
k4n+3(0) = −1, k4n+1(0) = k4n+2(0) = 1, kn(2) = (−1)n−1, k2n(3) = (−1)n−1, k2n+1(3) =
(−1)n(3n+ 1).
If n = 2m, then kn(−1) = 3n−1. If n = 2m+1, then kn(−1) = 3n− 1
2
and kn(3) = ±3n− 1
2
hold. Other values in above are ±1.
Proof. If x = −1, 0, 2, 3, then 1 − x = 2, 1,−1, 2. Recall Sn(2 cos θ) = sinnθ
sin θ
and S(±2) =
(±1)n−1n. If x = 2, we may take θ = π/3 so that we have 2 cos θ = 1−x = −1, hence S3n(−1) = 0,
S3n+1(−1) = 1, S3n+2(−1) = −1, hence the previous proposition yields the assertion. If x = 0,
then we may take θ = π/6 and a similar argument proves the assertion. The cases of x = 1,−3
are straight forward.
1.6 The common tangent property
We prove the common tangent property (Theorem B), namely, that (i) the two curves fn(x, y) = 0
and τn(x, y) = 0 in R
2 have a common tangent line at every intersection point (α,α), while (ii)
the second derivatives of their implicit functions at (α,α) do not coincide.
Lemma 1.14. The differential of the Chebyshev polynomial Sn = Sn(z) for each n ∈ Z is given
by the following equality in Z[z].
dSn
dz
=
(n− 1)Sn+1 − (n+ 1)Sn−1
z2 − 4
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Proof. Assume z 6= ±2 and put z = s + s−1, so that we have Sn = (sn − s−n)/(s − s−1). Since
dSn
dz
dz
ds
=
dSn
ds
, a direct calculation yields
dSn
dz
=
(n− 1)(sn+1 − s−n−1)− (n+ 1)(sn−1 − s1−n)
(s− s−1)3 =
(n− 1)Sn+1 − (n+ 1)Sn−1
z2 − 4 .
Since the two sides are polynomials in z, they coincide also at z = ±2.
Recall fn(x, y) = (y − 1)Sn(z)− Sn−1(z) for z = 2x2 − x2y + y2 − 2. Then we have
∂fn
∂x
= (y − 1)∂Sn
∂x
− ∂Sn−1
∂x
= (y − 1)dSn
dz
∂z
∂x
− dSn−1
dz
∂z
∂x
,
∂fn
∂y
= Sn + (y − 1)∂Sn
∂y
− ∂Sn−1
∂y
= Sn + (y − 1)dSn
dz
∂z
∂y
− dSn−1
dz
∂z
∂y
,
∂z
∂x
= 4x− 2xy, ∂z
∂y
= −x2 + 2y,
dSn
dz
=
(n− 1)zSn − 2nSn−1
z2 − 4 ,
dSn−1
dz
=
(2n− 2)Sn − nzSn−1
z2 − 4 ,
where the last line is obtained by Lemma 1.14 and Sn+1 − zSn + Sn−1 = 0.
In what follows, let x = α be a root of kn, so that the point (x, y) = (α,α) corresponds
to a non-acyclic representation. Recall z(α,α) = −α3 + 3α2 − 2 6= ±2, α 6= −1, 0, 2, 3 (Lemma
1.6), Sn = 1
α2 − 2α , and Sn−1 =
α− 1
α2 − 2α ( 3© in the proof of Proposition 1.8). Putting all above
together, we obtain
∂fn
∂x
(α,α) =
2((2n − 1)α2 + (−4n+ 2)α+ 1)
(α+ 1)α(α − 2)(α− 3) ,
∂fn
∂y
(α,α) =
2(nα2 − 2nα− 1)
(α+ 1)α(α − 2)(α − 3) .
The following lemma yields that for every root x = α of k(x, x), the point (α,α) is a regular
point of fn(x, y) = 0.
Lemma 1.15. (1) We have nα2 − 2nα− 1 = 0 if and only if n = −1 and α = 1 hold.
(2) We have (2n− 1)α2 + (−4n+ 2)α + 1 6= 0.
Proof. Note that cos(rπ) ∈ Q and r ∈ Q imply cos(rπ) = 0,±1
2
,±1. Indeed, suppose that
ζ = erpi
√−1 is a primitive m-th root of unity. Since ζ is a root of z2 − 2 cos(rπ)z + 1 ∈ Q[z],
the m-th cyclotomic polynomial is of degree one or two, hence Euler’s totient function satisfies
ϕ(m) = 1, 2, hence m = 1, 2, 3, 4, 6.
If (n, α) = (−1, 1), then nα2−2nα−1 = 0 holds. Conversely, suppose nα2−2nα−1 = 0. Then
we have α = 1±
√
1− 1
n
= 1− 2 cos 2kπ
3n− 1 by Proposition 1.9. Hence 1−
1
n
= 4cos2
2kπ
3n− 1 =
2 + 2 cos
4kπ
3n− 1 ∈ Q, hence cos(rπ) = 0,±
1
2
,±1 for r = 4k
3n− 1. By cos(rπ) = 0,±
1
2
,±1, we
obtain n = ±1. By 0, 1 6= n ∈ Z, we obtain n = −1, hence α = 1.
If (2n−1)α2+(−4n+2)α+1 = 0, then we have α = 1±
√
1− 1
2n− 1 and a similar argument
yield n = 0, 1, contradicting n 6= 0, 1.
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Now suppose (n, α) 6= (−1, 1) so that ∂fn
∂y
(α,α) 6= 0, and let y = yf (x) denote the implicit
function of fn(x, y) = 0 around the point (α,α). Then the slope of the tangent line at (α,α) on
fn(x, y) = 0 is given by the differential of the implicit function as
dyf
dx
= −(∂fn/∂x)(x, yf (x))
(∂fn/∂y)(x, yf (x))
,
dyf
dx
|x=α = −(2n − 1)α
2 − (4n − 2)α+ 1
nα2 − 2nα− 1 · · · f©.
If instead (n, α) = (−1, 1), then we may regard dyf
dx
|x=1 = 2
0
=∞.
Next, recall τn(x, y) = −2(z − x)Sn(z) + (x− 2)(Sn−1(z) + 1)
z − 2 in Z[x, y]. By a similar calcu-
lation, the partial derivatives at (α,α) are given by
∂τn
∂x
(α,α) =
2((2n − 1)α2 + (−4n+ 2)α + 1)
(α+ 1)α(α − 2)2(α− 3) ,
∂τn
∂y
(α,α) =
2(nα2 − 2nα− 1)
(α+ 1)α(α − 2)2(α− 3) .
Suppose (n, α) 6= (−1, 1), so that ∂yτ
∂y
(α,α) 6= 0, and let y = yτ (x) denote the implicit
function of τn(x, y) = 0 around the point (α,α). Then we have
dyτ
dx
= −(∂τn/∂x)(x, yf (x))
(∂τn/∂y)(x, yf (x))
,
dyτ
dx
|x=α = −(2n− 1)α
2 − (4n− 2)α + 1
nα2 − 2nα− 1 · · · τ©.
If instead (n, α) = (−1, 1), then we may regard dyτ
dx
(1, 1) =
2
0
=∞.
Since f© and τ© coincide, fn(x, y) = 0 and τn(x, y) = 0 have a common tangent line at every
non-acyclic representation. Thus the first part of Theorem B is proved.
If (n, α) 6= (−1, 1), then by d
2yf
dx2
=
d
dx
−(∂fn/∂x)(x, yf (x))
(∂fn/∂y)(x, yf (x))
and the similar for yτ , we obtain
d2yf
dx2
|x=α = 3n− 1
(nα2 − 2nα− 1)3
[
(2n2 − n)α5 + (−4n2 + 1)α4 + (−8n2 + 11n− 2)α3
+(16n2 − 10n − 3)α2 + (−8n+ 2)α+ 4)],
d2yτ
dx2
|x=α = 3n− 1
(nα2 − 2nα− 1)3
[
(2n2 − n)α5 + (−4n2 + 3n)α4 + (−8n2 − n+ 2)α3
+(16n2 − 7n − 4)α2 + (10n − 4)α + 4].
The difference between the two second derivatives is given by
d2
dx2
(yf − yτ )|x=α = −(3n − 1)
2(α+ 1)α(α − 2)(α − 3)
(nα2 − 2nα− 1)3 .
Since α 6= −1, 0, 2, 3 (Lemma 1.6), we have d
2
dx2
(yf − yτ )|x=α 6= 0. Thus we obtain the second
part of Theorem B for implicit functions in terms of x.
We may also obtain a similar result for the implicit functions in terms of y. Indeed, by Lemma
1.15 (2), we have
∂fn
∂x
6= 0 and ∂τn
∂x
6= 0 at a non-acyclic representation (α,α). Let x = xf (y)
and x = xτ (y) denote the implicit functions of fn(x, y) = 0 and τn(x, y) = 0 in terms of y around
11
Ryoto Tange, Anh T. Tran and Jun Ueki
(α,α). Then a similar calculation yields
d2
dy2
(xf − xτ )|y=α = −(3n− 1)
2(α+ 1)α(α − 2)(α − 3)
((2n − 1)α2 + (−4n+ 2)α+ 1)3 6= 0.
Remark 1.16. We may verify all these calculations above by using Mathematica 12.0 [WR19].
If we instead use u = x2− y− 2, then we have du
dx
= 2x− dy
dx
and
d2u
dx
= 2− d
2y
dx
for the implicit
functions u = uf (x) and uτ (x) of fn(x, y) = Φn(x, u) = 0 and τn(x, y) = 0.
The following lemma is an elementary exercise of calculus.
Lemma 1.17. Let f = f(x, y) and g = g(x, y) ∈ C[x, y] and (a, b) ∈ C2 a common zero with
multiplicity m. Suppose
∂f
∂y
(a, b) 6= 0 and ∂g
∂y
(a, b) 6= 0, and let yf (x), yg(x) ∈ C[x] denote the
implicit functions of f = 0 and g = 0 in a neighborhood of (a, b). If
d
dx
(yf − yg)(a, b) = 0 and
d2
dx2
(yf−yg)(a, b) 6= 0, then m = 2 holds, that is, we have g ∈ (x−a, y−b)2 and g 6∈ (x−a, y−b)3
in C[x, y]/(f).
Proof. For here, we denote the partial derivatives by fx =
∂f
∂x
, fxy =
∂2f
∂x∂y
, and etc. Note
that the implicit differentiation yields
d
dx
yf = −fx
fy
and
d2
dx2
yf = −
f2y fxx − 2fxfyfxy + f2xfyy
f3y
.
Suppose that (a, b) is a common zero of f and g. Then for k ∈ C[x, y], we have the equivalences
g + kf ∈ (x− a, y − b)2 ⊂ C[x, y] ⇐⇒ (g + kf)x(a, b) = 0, (g + kf)y(a, b) = 0
⇐⇒ (gx + kfx)(a, b) = 0, (gy + kfy)(a, b) = 0,
which yield the equivalences
g ∈ (x− a, y − b)2 ⊂ C[x, y]/(f) ⇐⇒ g + kf ∈ (x− a, y − b)2 ⊂ C[x, y] for some k ∈ C[x, y]
⇐⇒ d
dx
(yf − yg)(a, b) = 0.
Now suppose that g ∈ (x − a, y − b)3 ⊂ C[x, y]/(f) and write g + kf ∈ (x − a, y − b)3 for
k ∈ C[x, y]. Then at the point (a, b), we have (g + kf)x = (g + kf)y = 0 and (g + kf)xx =
(g + kf)xy = (g + kf)yy = 0, hence (gx + kfx) = (gy + kfy) = 0 and (gxx + 2kxfx + kfxx) =
(gyy + 2kyfy + kfyy) = (gxy + kxfy + kyfx + kfxy) = 0. Hence we have
d2
dx2
(yf − yg) = −
f2yfxx − 2fxfyfxy + f2xfyy
f3y
− (−g
2
ygxx − 2gxgygxy + g2xgyy
g3y
)
=
1
gy
(k(fxx − 2fx
fy
fxy + (
fx
fy
)2fyy) + (gxx − 2gx
gy
gxy + (
gx
gy
)2gyy))
=
1
gy
(−2kxfx + 2fx
fy
(kxfy + kyfx)− 2(fx
fy
)2kyfy) = 0
at (a, b). Thus we obtain the assertion as the contraposition.
Proof of Theorem B. As we calculated in above, if
∂fn
∂y
(α,α) 6= 0, then d
dx
(yf − yτ )|x=α = 0
and
d2
dx2
(yf − yτ )|x=α 6= 0 hold. If instead ∂fn
∂x
(α,α) 6= 0, then d
dy
(xf − xτ )|y=α = 0 and
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d2
dy2
(xf − xτ )|y=α 6= 0. In both cases, Lemma 1.17 completes the proof.
Remark 1.18. We remark that Theorems A and B were initially observed for several examples
in the study of L-invariants in [KMTT18], as well as pointed out by [Be´n20, Remark 4.6].
The following Corollaries of Theorem B and their proofs will play key roles in the study of
L-invariants in Subsection 3.4.
Corollary 1.19. Let the notation be as above, where yf is defined if (n, α) 6= (−1, 1). For each
point (x, y) on the curve f(x, y) = 0 in a small neighborhood of the point (α,α) corresponding
to a non-acyclic representation, define τ = τn(x, yf (x)) = τn(yf (y), y). Then, we have
τ |x=α = τ |y=α = 0, dτ
dx
|x=α = 0, dτ
dy
|y=α = 0,
d2τ
dx2
=
∂τn
∂y
d2
dx2
(yf − yτ ), d
2τ
dx2
|x=α = 2(3n − 1)
2
(α− 2)(nα2 − 2nα− 1)2 6= 0,
d2τ
dy2
=
∂τn
∂x
d2
dy2
(xf − xτ ), d
2τ
dy2
|y=α = 2(3n − 1)
2
(α− 2)((2n − 1)α2 + (−4n + 2)α + 1)2 6= 0.
Proof. The Leibniz rule for two variable function and Theorem B yield
dτ
dx
=
d
dx
τn(x, yf (x)) =
∂τn
∂x
+
∂τn
∂y
dyf
dx
=
∂τn
∂y
(
∂τn/∂x
∂τn/∂y
+
dyf
dx
) =
∂τn
∂y
(
dyf
dx
− dyτ
dx
) =
x=α
0.
Again by the Leibniz rule, the second derivatives of the equality 0 = τn(x, yτ (x)) of functions in
x is given by
0 =
d2
dx2
τ(x, yτ (x)) =
∂2τn
∂x2
+ 2
∂2τn
∂x∂y
dyτ
dx
+
∂2τn
∂y2
(
dyτ
dx
)2 +
∂τn
∂y
d2yτ
dx2
.
By this equality and a similar calculation, we obtain
d2τ
dx2
=
d2
dx2
τn(x, yf (x)) =
∂2τn
∂x2
+ 2
∂2τn
∂x∂y
dyf
dx
+
∂2τn
∂y2
(
dyf
dx
)2 +
∂τn
∂y
d2yf
dx2
=
∂τn
∂y
d2
dx2
(yf − yτ ),
whose value at x = α is given by
2(nα2 − 2nα− 1)
(α+ 1)α(α − 2)2(α− 3)
−(3n− 1)2(α+ 1)α(α − 2)(α − 3)
(nα2 − 2nα− 1)3 =
2(3n − 1)2
(α− 2)(nα2 − 2nα− 1)2 6= 0.
Similar calculations yield the equalities for xf and xτ .
Corollary 1.20. Any root of τn(x, yf (x)) and τn(xf (y), y) is a root of kn.
Proof. Let x = α be a root of τn(x, yf (x)) and put β = yf (α). Then we have fn(α, β) = 0 and
τn(α, β) = 0. Hence by Theorem A, we have α = β and x = α is a root of kn(x). A similar
argument holds for τn(xf (y), y).
1.7 Tables and graphs
Here we attach the tables of our polynomials fn(x, x), τn(x, x), gn, hn, kn for |n| 6 5 and fn(x, y),
τn(x, y) for |n| 6 3.
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n fn(x, x)
−5 −(x− 1)(x2 − 2x− 1)(x4 − 4x3 + 2x2 + 4x− 1)(x8 − 8x7 + 20x6 − 8x5 − 30x4 + 24x3 + 12x2 − 8x− 1)
−4 (x6 − 7x5 + 15x4 − 6x3 − 11x2 + 6x+ 1)(x6 − 5x5 + 5x4 + 6x3 − 7x2 − 2x+ 1)
−3 −(x− 1)(x2 − 3x+ 1)(x2 − x− 1)(x4 − 4x3 + x2 + 6x+ 1)
−2 (x3 − 4x2 + 3x+ 1)(x3 − 2x2 − x+ 1)
−1 −(x− 1)(x2 − 2x− 1)
0 1
1 x− 1
2 −(x2 − 3x+ 1)(x2 − x− 1)
3 (x− 1)(x2 − 2x− 1)(x4 − 4x3 + 2x2 + 4x− 1)
4 −(x5 − 6x4 + 10x3 − x2 − 6x+ 1)(x5 − 4x4 + 2x3 + 5x2 − 2x− 1)
5 (x− 1)(x3 − 4x2 + 3x+ 1)(x3 − 2x2 − x+ 1)(x6 − 6x5 + 8x4 + 8x3 − 13x2 − 6x+ 1)
n τn(x, x)
−5 −2(x− 1)(x2 − 3x+ 1)(x2 − 2x− 1)(x4 − 4x3 + 2x2 + 4x− 1)(x4 − 3x3 − x2 + 3x+ 1)
−4 2(x− 1)x(x2 − 2x− 2)(x6 − 7x5 + 15x4 − 6x3 − 11x2 + 6x+ 1)
−3 −2(x2 − 3x+ 1)(x2 − x− 1)(x3 − 3x2 + 1)
−2 2x(x3 − 4x2 + 3x+ 1)
−1 −2(x− 1)
0 0
1 2
2 −2x(x2 − 3x+ 1)
3 2(x− 1)(x2 − 2x− 1)(x3 − 3x2 + 1)
4 −2(x− 1)x(x2 − 2x− 2)(x5 − 6x4 + 10x3 − x2 − 6x+ 1)
5 2(x2 − 3x+ 1)(x3 − 4x2 + 3x+ 1)(x3 − 2x2 − x+ 1)(x4 − 3x3 − x2 + 3x+ 1)
n kn
−5 (x− 1)(x2 − 2x− 1)(x4 − 4x3 + 2x2 + 4x− 1)
−4 −x6 + 7x5 − 15x4 + 6x3 + 11x2 − 6x− 1
−3 −(x2 − 3x+ 1)(x2 − x− 1)
−2 x3 − 4x2 + 3x+ 1
−1 x− 1
0 −1
1 1
2 x2 − 3x+ 1
3 −(x− 1)(x2 − 2x− 1)
4 −x5 + 6x4 − 10x3 + x2 + 6x− 1
5 (x3 − 4x2 + 3x+ 1)(x3 − 2x2 − x+ 1)
n gn hn
−5 −(x8 − 8x7 + 20x6 − 8x5 − 30x4 + 24x3 + 12x2 − 8x− 1) −(x− 1)(x2 − 2x− 1)(x4 − 4x3 + 2x2 + 4x− 1)
−4 −(x6 − 5x5 + 5x4 + 6x3 − 7x2 − 2x+ 1) −(x− 1)x(x2 − 2x− 2)
−3 (x− 1)(x4 − 4x3 + x2 + 6x+ 1) x3 − 3x2 + 1
−2 x3 − 2x2 − x+ 1 x
−1 −(x2 − 2x− 1) −1
0 −1 0
1 x− 1 1
2 −(x2 − x− 1) −x
3 −(x4 − 4x3 + 2x2 + 4x− 1) −(x3 − 3x2 + 1)
4 x5 − 4x4 + 2x3 + 5x2 − 2x− 1 (x− 1)x(x2 − 2x− 2)
5 (x− 1)(x6 − 6x5 + 8x4 + 8x3 − 13x2 − 6x+ 1) (x2 − 3x+ 1)(x4 − 3x3 − x2 + 3x+ 1)
n fn(x, y)
−3 y6 − (3x2 + 1)y5 + (3x4 + 8x2 − 5)y4 − (x6 + 13x4 − 6x2 − 4)y3
+(6x6 + 11x4 − 24x2 + 6)y2 − (12x6 − 16x4 − 2x2 + 3)y + (8x6 − 20x4 + 12x2 − 1)
−2 y4 − (2x2 + 1)y3 + (x4 + 5x2 − 3)y2 − (4x4 − x2 − 2)y + (4x4 − 6x2 + 1)
−1 y2 − (x2 + 1)y + (2x2 − 1)
0 1
1 y − 1
2 y3 − (x2 + 1)y2 + (3x2 − 2)y − (2x2 − 1)
3 y5 − (2x2 + 1)y4 + (x4 + 6x2 − 4)y3 − (5x4 − 3)y2 + (8x4 − 11x2 + 3)y − (4x4 − 6x2 + 1)
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n τn(x, y)
−3 −2(x2y − 2x2 − y2 + 1)(x3y − 2x3 − x2y + 2x2 − xy2 + 2x+ y2 − 1)
−2 2(x3y − 2x3 − x2y + 2x2 − xy2 + x+ y2)
−1 −2(x− 1)
0 0
1 2
2 −2(x2y − 2x2 + x− y2)
3 2(x2y − 2x2 − y2 + 1)(x2y − 2x2 + x− y2 + 1)
We also attach the graphs of fn(x, y) = 0 and τn(x, y) = 0 in R
2 for n = −3,−2,−1, 2, 3
drawn by Mathematica 12.0 [WR19], where the blue curves are fn(x, y) = 0 and the orange
curves are τn(x, y) = 0.
-4 -2 0 2 4
-4
-2
0
2
4
-4 -2 0 2 4
-4
-2
0
2
4
-4 -2 0 2 4
-4
-2
0
2
4
n = −3 n = −2 n = −1
-4 -2 0 2 4
-4
-2
0
2
4
-4 -2 0 2 4
-4
-2
0
2
4
n = 2 n = 3
Remark 1.21. We may observe in the tables and graphs above that
(i) fn(x, y) and τn(x, y) have a common root only on x = y,
(ii) gn and hn have no common root,
(iii) all roots of fn(x, x) and τn(x, x) are real numbers,
(iv) fn(x, y) = 0 and τn(x, y) = 0 have a common tangent line at every intersection point.
2. Characterization
2.1 (−3)-Dehn surgery
For a coprime pair of p, q ∈ Z, let Mp/q denote the result of the p/q-Dehn surgery along the twist
knot J(2, 2n). Then we have π1(Mp/q) = 〈a, b | awn = wnb, ap(wnwn)q = 1〉 for w = ba−1b−1a,
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where the preferred longitude corresponding to a chosen meridian µ = a is λa = w
nwn by [HS04,
Section 2]. (Note that the longitude in [TY18] the inverse of this λa).
Theorem C precisely states the following: Let ρ : πn := π1(S
3 − J(2, 2n)) → SL2(C) be
an irreducible representation of the twist knot group. Then trρ(a) = trρ(ab) holds if and only
if ρ factors through the group π1(M−3) of (−3)-Dehn surgery, namely, there is a commutative
diagram
πn
ρ
//

SL2(C)
π1(M−3)
88
r
r
r
r
r
r
r
r
r
r
for the natural surjective homomorphism πn ։ π1(M−3).
The following remarks are due to several people:
Remark 2.1. (1) If we consider J(−2, 2n) instead, then the similar theorem holds for the 3-Dehn
surgeries.
(2) The twist knot J(2, 2n) is hyperbolic iff n 6= 0, 1. For each n 6= 0, 1, the (−3)-Dehn surgery
is an exceptional surgery, that is, M3 is not a hyperbolic manifold, and indeed is a small Seifert
fibered space [BW01, Theorem 1.1].
(3) Any irreducible metabelian SL2(C)-representation of any knot group lies on “x = 0”
[Nag07, Proposition 1.1], hence factors through the 4-Dehn surgery. If an irreducible SL2(C)-
representation ρ of a twist knot factors through the 4-Dehn surgery, then ρ is a metabelian
representation [TY18, Lemma 2.13, Proposition 3.1].
2.2 Eigenvalues M and L
In this subsection, we prove Theorem C. Let ρ : πn → SL2(C) be an irreducible representation
with (tr ρ(a), tr ρ(ab)) = (x, y). Then up to conjugate we may assume
ρ(a) =
(
M 1
0 M−1
)
, ρ(b) =
(
M 0
−u M−1
)
with the matrix equality ρ(awn) = ρ(wnb), which is equivalent to Φn(x, u) = 0 for the Riley
polynomial Φn(x, u) ∈ Z[x, u]. This ρ is called Riley’s representation. Here we have x =M+M−1
and −u = y − x2 + 2 for x = tr ρ(a) =M +M−1 and y = tr ρ(ab), hence Φn(x, u) = fn(x, y).
Since µ = a and λa commute, we have ρ(λa) =
(
L ∗
0 L−1
)
for some L. The following cusp
formula plays a key role in the proof of Theorem C.
Proposition 2.2 [HS04, Equality (5.9)]. We have u =
(1−M2)(1 − L)
L+M2
.
Lemma 2.3. If ρ factors through π1(M−3), then M + 1 6= 0.
Proof. SupposeM = −1. Then we have ρ(λa) = ρ(a3) =
(
−1 1
0 −1
)3
=
(
−1 3
0 −1
)
. On the other
hand, [DHY09, Section 3.4.3] yields ρ(λa) =
(
−1 (2u+ 4)/u
0 −1
)
, where c = (2u + 4)/u is called
the cusp shape of J(2, 2n). Hence we have (2u+4)/u = 3, u = 4, y = x2−u+2 = 4− 4+2 = 2,
and z = x2−x2y+2y−2 = 4+8+8−2 = 18. Now we may verify f0(−2, 2) = f1(−2, 2) = 1 and
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that fn(−2, 2) = f−n+1(−2, 2) for n > 1 are increasing sequences, hence fn(−2, 2) 6= 0 for any
n ∈ Z. This implies that we have no such irreducible representation, hence contradiction.
Lemma 2.4. If ρ factors through π1(M−3) and satisfies x = y, then M4 6= 1.
Proof. Recall z(x, x) = −x3 + 3x2 − 2 = −(x− 1)(x2 − 2x− 2).
If M = 1, then x = 2, z = 2, f0 = f1 = 1, and fn = 2 for every n 6= 0, 1.
If M = −1, then x = −2, z = −18, f0 = 1, f1 = −3, and fn+1 + 18fn + fn−1 = 0.
If M = ±√−1, then x = ±2√−1, z = ∓8√−1 + 5, f0 = 1, f1 = ±
√−1 − 1, and fn+1 +
(±8√−1− 5)fn + fn−1 = 0.
In each case it is easy to see fn 6= 0, hence contradiction.
Proof of Theorem C. If Riley’s irreducible representation ρ factors through π1(M−3), then we
have L =M3. We have u(L+M2) = uM2(M+1) and (1−M2)(1−L) = (1+M)(1−M)(1−M3) =
(1 +M)M2((M +M−1)2 − (M +M−1) − 2) = (1 +M)M2(x2 − x − 2). Since M + 1 6= 0 by
Lemma 2.3, Proposition 2.2 yields u = x2 − x− 2. By −u = y − x2 + 2, we obtain y − x = 0.
Conversely, suppose x = y. Proposition 2.2 yields L =
1−M2 −M2u
u+ 1−M2 · · · (⋆). Note that
u + 1 − M2 6= 0, since otherwise we have 1 − M2 − M2u = u + 1 − M2 = 0, which yields
M4 = ±1, violating Lemma 2.4. Since u = x2 − x − 2 = M2 + M−2 − M −M−1, we have
1 − M2 − M2u = M3(1 − M − M−1 + M−2) and u + 1 − M2 = (1 − M − M−1 + M−2).
Hence (⋆) yields L =M3. Since ρ(a) and ρ(λa) commute, these two matrices are simultaneously
diagonalizable. Therefore L =M3 implies ρ(a)3 = ρ(λa), hence ρ factors through π1(M−3).
2.3 Doubly-indexed polynomials
This subsection is optional. We introduce a doubly-indexed Chebyshev-like polynomials dm,n ∈
Z[x, y] and give an alternative proof for the only if part of Theorem C, which is clearly workable
over Z, hence over a field with positive characteristic.
Recall λa = w
nwn. Put dm,n = dm,n(x, y) = tr a
−3wmwn ∈ Z[x, y] for m,n ∈ Z. Then we
have dm+1,n − zdm,n + dm−1,n = 0 and dm,n+1 − zdm,n + dm,n−1 = 0 for every m,n ∈ Z.
Proposition 2.5. We have dn,n(x, x)− 2 = (x− 2)(x + 1)2fn(x, x)2 for every n ∈ Z.
Proof. Assume x = y. A direct calculation of Riley’s representation (or only of the trace relations)
yields d0,0 − 2 = (x− 2)(x+ 1)2 and d1,1 − 2 = (x− 2)(x+ 1)2(x− 1)2. Put D0 = d0,0 − 2. Then
we in addition have d1,0 = d0,1 = x(x− 1)(x2 −x− 1), hence an induction yields dn,n+1 = dn+1,n
for every n ∈ Z. Suppose that the equality dm,m(x, x) − 2 = (x − 2)(x + 1)2fm(x, x)2 holds for
m = n− 1, n. By the Chebyshev recurrence formula, we have
dn+1,n+1 = zdn,n+1 − dn−1,n+1
= z(zdn,n − dn,n−1)− (zdn−1,n − dn−1,n−1)
= z2dn,n − 2zdn,n−1 + dn−1,n−1,
hence
dn+1,n+1 − 2 = z2(dn,n − 2)− 2zdn,n−1 + (dn−1,n−1 − 2) + 2z2
= z2D0f
2
n +D0f
2
n−1 − 2z(dn,n−1 − z). · · · 1©
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On the other hand, we have
D0f
2
n+1 = D0(zfn − fn−1)2
= z2D0f
2
n +D0f
2
n−1 − 2zD0fnfn−1. · · · 2©
Now it suffices to show D0fnfn−1 = dn,n−1 − z. · · · 3© We have
d1,0 − z = x(x− 1)(x2 − x− 1)− (−x3 + 3x2 − 2) = (x− 1)(x+ 1)2(x− 2) = D0f1f0.
Again by induction, we have
dn,n−1 = zdn−1,n−1 − dn−2,n−1
= z(D0f
2
n−1 + 2)− (D0fn−1fn−2 + z)
= D0(zfn−1 − fn−2)fn−1 + z
= D0fnfn−1 + z,
hence 3© holds. Thus by 1© and 2©, we obtain dn+1,n+1 − 2 = D0f2n+1.
The similar argument also proves that the equalities form = n, n+1 yields that form = n−1.
Thus we obtain the formula for every n ∈ Z.
Alternative partial proof of Theorem C. If a representation ρ is not on the line x = 2, then both
ρ(a) and ρ(λa) = ρ(w
nwn) have two distinct eigenvalues. Since a and λa = w
nwn commute, these
two matrices are simultaneously diagonalizable. Hence ρ(a−3λa) = I2 if and only if tr ρ(a−3λa) =
2, namely, dn(x, y) = 0 at (x, y) = (tr ρ(a), tr ρ(ab)). Since each root of fn(x, x) = 0 corresponds
to an irreducible SL2(C)-representation on x = y of πn by Proposition 1.4, Proposition2.5 yields
the assertion.
We remark that this assertion was initially proved by the first author by using Riley’s explicit
representation and the formula An = Sn(trA)A − Sn−1(trA)I2 for any A ∈ SL2(C) and n ∈ Z
[Tra16, Porposition 2.4].
2.4 A characterization
We further address the characterization of non-acyclic representations and prove Theorem D,
that is, irreducible SL2(C)-representations of J(2, 2n) on x = y are non-acyclic if and only if
ρ(a−1wn) is of order 3. We suppose x = y throughout this subsection.
Proof of Theorem D. Define a Chebyshev-like sequence by cn = tr a
−1wn ∈ Z[x]. Then we have
c0 = c1 = x and cn = x(Sn(z)−Sn−1(z)). As in the proof of Proposition 1.9, by Lemmas 1.6 and
1.7, we have z 6= ±2, 1−x = t+ t−1 for some t ∈ C∗, and Sn(z) = (t3n− t−3n)/(t3− t−3), so that
we have cn = (1−t−t−1)((t3n−t−3n)−(t3n−3−t−3n+3))/(t3−t−3) = −(t3n−1+t−(3n−1)+1)(t+1).
Recall that roots of fn(x, x) corresponds to t’s with t
3n−1 = ±1, while non-acyclic representations
correspond to those with t3n−1 = 1. If t3n−1 = ±1, then cn = ∓1.
Suppose that x is a root of fn(x, x). Then we have det(ρ(a
−1wn) − I2) 6= 0. Indeed, if
det(ρ(a−1wn)− I2) = 0, then by a general property of SL2, we have tr(ρ(a−1wn)− I2) = 0, hence
cn = 2, contradicting cn = ±1. Note in addition that each A ∈ SL2 satisfies A2−(trA)A+I2 = O.
Now we obtain the following equivalence:
ρ(a−1wn) is of order 3 ⇐⇒
iff
ρ(a−1wn)3 = I2 and ρ(a−1wn) 6= I2
⇐⇒
iff
(ρ(a−1wn)− I2)(ρ(a−1wn)2 + ρ(a−1wn) + I2) = O and ρ(a−1wn) 6= I2
⇐⇒
iff
ρ(a−1wn)2 + ρ(a−1wn) + I2 = O ⇐⇒
iff
tr ρ(a−1wn) + 1 = 0 ⇐⇒
iff
cn = −1.
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Therefore, irreducible representations on x = y with ordρ(a−1wn) = 3 are exactly those which
are non-acyclic.
Remark 2.6. We indeed have cn + 1 = (x+ 1)knk−n+1.
Remark 2.7. Sometimes the image of a non-acyclic representation of a twist knot is isomorphic
to a von Dyck group, that is, the fundamental group of a Brieskorn manifold (cf. [Mil75, KY16]).
The image of representations are of interest also in the study of Galois deformation theory. We
expect that Theorem D would give a new insight in arithmetic topology in our future study.
3. L-invariants of universal deformations
In this section, we will give a complete answer to the Problem in the Introduction for twist knots.
3.1 Twisted invariants
In this subsection, we overview the theory of Reidemeister torsions and twisted Alexander in-
variants, that will be used in our argument. A basic reference is [Hil12, Chapters 3, 6].
3.1.1 Reidemeister torsions Let R be any integral domain with the fraction field frR and let
=˙ denote the equality up to multiplication by units in R. For a finitely generated free R-module
M with two bases b = (bi)i and c = (ci)i, let [b/c] = det(pij)ij denote the determinant of the
change of bases bi =
∑
j pijcj . Let C∗ = (0→ Cn
∂n→ · · · ∂2→ C1 ∂1→ C0 → 0) be a finitely generated
free R-complex with a fixed basis c∗ and suppose that C∗ is acyclic, that is, H∗(C∗ ⊗R frR) = 0
holds. Let bi be a basis of ∂i+1Ci+1 ⊂ Ci for each i and let b˜i−1 be a lift of bi−1 in Ci. Then the
Reidemeister torsion of (C∗, c∗) is defined by
τ(C∗, c∗) =
∏
i
[bi ⊔ b˜i−1/ci](−1)i+1 ∈ frR∗,
which is independent of the choice of b∗. If instead C∗ is non-acyclic, then we put τ(C∗, c∗) = 0.
This torsion τ(C∗, c∗) is multiplicative with respect to extensions [Whi50, Mil66]:
Lemma 3.1. Let 0→ A∗ → C∗ → B∗ → 0 be an exact sequence of finitely generated acyclic free
R-complexes with compatible bases a∗, c∗, b∗, that is, we have c∗ = a∗ ⊔ b˜∗ for a lift b˜∗ of b∗.
Then we have τ(C∗, c∗) = τ(A∗, a∗)τ(B∗, b∗).
Suppose in addition that R is a Noetherian UFD. The divisorial hull a˜ of an ideal a of R
is defined to be the intersection of all the principal ideals containing a. For a finitely generated
torsion R-moduleM , the order is defined to be a generator of the divisorial hull F˜ittR(M) of the
Fitting ideal. We have the following equality [Tur86]:
Lemma 3.2. If C∗ is acyclic, then we have τ(C∗) =˙
∏
i ord(Hi(C∗))
(−1)i+1 .
3.1.2 Twisted invariants Let K be a knot in S3 with the exterior X = S3−K and the group
π = π1(X). Let π = 〈a1, · · · , ag | r1, · · · , rg−1〉 be a Wirtinger presentation and let W denote
the associated 2-dimensional CW-complex with a natural basis w∗. Note that X is an Eilenberg-
MacLane space K(π, 1), namely, π1(X) ∼= π and πi(X) = 1 for i > 1 holds, and indeed X is
simply homotopic to W by Waldhausen [Wal78]. The universal cover W˜ →W admits a natural
left π-action and may be identified with the following finitely generated free Z[π]-complex
C∗ = (0→ Z[π]g−1 ∂2→ Z[π]g ∂1→ Z[π]→ 0)
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called the Lyndon exact sequence (cf. [Lyn50, Sections 4,5]), where each element is viewed as a
column vector, the presentation matrix of ∂2 is the Jacobian matrix P = (
∂rj
∂ai
)i,j ∈ Mg,g−1(Z[π])
given by the Fox free derivatives, and that of ∂1 is (aj − 1)j ∈ M1,g(Z[π]). Let ρ : π → GLN (R)
be a representation with N ∈ Z>0 and let Vρ denote the right representation space, namely, the
set Vρ = R
N of column vectors with a right π-action via the transpose of ρ. Then the complex
with local coefficients is defined by Cρ,∗ := Vρ ⊗Z[pi] C∗.
The Reidemeister torsion of CW-complex is known to be an invariant of simple homotopy
by Whitehead [Whi50], so that we only need to care about the choice of a basis. We choose a
basis w˜∗ of C∗ which is a lift of w∗ and a basis w˜ρ,∗ of Cρ,∗ consisting of the tensor products of
elements of w˜∗ and the standard basis {e1, · · · ,eN} of Vρ. If we change the order of the basis,
then τρ(Cρ,∗, w˜ρ,∗) is multiplied by ±1. If we change the choice of a lift w˜, then τρ(Cρ,∗, w˜ρ,∗) is
multiplied by det ρ(g) for some g ∈ π. Thus the Reidemeister torsion τρ(X) = τ(Cρ,∗) of (X, ρ)
is defined up to multiplication by elements of ± Imdet ρ.
Note that Vρ ⊗Z[pi] Z[π] ∼= RN . Let ρ also denote the linearly extended map ρ : Mk,l(Z[π])→
Mk,l(MN (R)) ∼= MkN,lN (R). Then the presentation matrix of ∂2 and ∂1 of Cρ,∗ are given by
ρ((∂rj/∂ai)i,j) ∈ Mg,g−1(MN (R)) and ρ((xj − 1)j) ∈ M1,g(MN (R)) respectively. For each 1 6
k 6 g, let ~pk denote the k-th row of P , and Pk the square matrix obtained from P by deleting
~pk. Put A∗ = (0 → 0 → Z[π] xk−1→ Z[π] → 0) and C ′∗ = (0 → Z[π]g−1 Pk→ Z[π]g−1 → 0 → 0). By
taking Vρ⊗Z[pi], we obtain an exact sequence
0→ Vρ ⊗Z[pi] A∗ → Cρ,∗ → Vρ ⊗Z[pi] C ′∗ → 0.
If det ρ(xk − 1) 6= 0, then Vρ ⊗Z[pi] A∗ is acyclic, and so is Vρ ⊗Z[pi] C ′∗. We may verify that
τ(Vρ ⊗Z[pi] A∗) = det ρ(xk − 1)−1 and τ(Vρ ⊗Z[pi] C ′∗) = det ρ(Pk), so that Lemma 3.1 yields the
following explicit formula (cf. [Joh]).
Lemma 3.3. For each 1 6 k 6 g, the equalities τ(Cρ,∗, w˜ρ,∗) =
det ρ(Pk)
det ρ(xk − 1) in frR
∗ and
τρ(X) =
det ρ(Pk)
det ρ(xk − 1) in frR
∗/± Imdet ρ hold.
Remark 3.4. In our study of SL2-representations of twist knots, we start with the basis w
given by a fixed Wirtinger presentation. We then choose a lift w˜∗ = ((w˜∗,i)i)∗, which makes no
ambiguity since det SL2 = 1, and put w˜ρ,∗ := (w˜∗,1 ⊗ e1, w˜∗,1 ⊗ e2, w˜∗,2 ⊗ e1, w˜∗,2 ⊗ e2, · · · )∗.
Thus we may write τρ = τ(Cρ,∗, w˜ρ,∗) and we have τρ =
det ρ(Pk)
det ρ(xk − 1) in frR
∗. Our convention
essentially coincides with that in [Tra16]. The relationship among several conventions is clarified
in [DFJ12, Section 2.8].
The Tieze argument also shows without using the simple homotopy theory that the ambiguity
of τρ due to the choice of basis is given by ± Imdet ρ (cf. [Wad94]).
The twisted homology is defined as that with local coefficient, so that we have an isomorphism
H∗(X, ρ) ∼= H∗(Cρ,∗). Since X is an Eilenberg-MacLane space, the augmented complex of W˜ may
be regarded as the following standard free resolution
F∗ = (0→ Z[π]g−1 ∂2→ Z[π]g ∂1→ Z[π] aug→ Z→ 0)
of Z over Z[π] given by the Fox free derivative (cf. [Bro94, Proposition I.4.2, Exercise II.5.2(b)])
and that of Cρ,∗ coincides with Vρ ⊗Z[pi] F∗, yielding an isomorphism H∗(X, ρ) ∼= H∗(π, ρ).
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3.1.3 Alexander invariants For a representation ρ : π → GLN (R) and an abelianization
map α : π ։ tZ →֒ GL1(Z[tZ]) = ±tZ, the tensor representation ρ ⊗ α : π → GL(Rn ⊗Z
Z[tZ]) = GLn(R[t
Z]) is defined, extending to ρ ⊗ α : Z[π] → Mn(R[tZ]). By Lemma 3.3, the
twisted invariant introduced by Lin and Wada in [Lin01, Wad94] coincides with the Reidemeister
torsion τρ(t) = τρ⊗α(X) and is well-defined up to multiplication by elements of ± Imdet ρ⊗α =
±tZ Imdet ρ (cf. [Kit96]).
Let X∞ → X denote the Z-cover corresponding to Kerα. Then Shapiro’s lemma yields the
natural isomorphisms
Hi(X∞, Vρ) ∼= Hi(X,Vρ⊗α) = Hi(π, ρ⊗ α) ∼= Hi(Kerα, ρ)
of R[tZ]-modules for each i. The orders ∆ρ,i(t) ∈ R[tZ]/R[tZ]∗ of these modules are called the
i-th twisted Alexander polynomials. By Lemma 3.2, we have
τρ(t) = ∆ρ,1(t)/∆ρ,0(t) in frR[t
Z]/R[tZ]∗
(cf. [KL99, Theorem 4.1], [HLN06, Theorem 11], [SW09, Proposition 3.6]).
Since ρ⊗α(g)|t=1 = ρ(g) for any g ∈ π, Lemma 3.3 for τρ(X) and τρ⊗α(X) = τρ(t) yield that
τρ(1) = τρ(X). We have τρ(X) =˙ ∆ρ,1(1)/∆ρ,0(1) in frR, where we see that ∆ρ,i(1) is the order
of Hi(X, ρ) for each i.
3.2 Residual representations
In this subsection, we study SL2-representations of twist knots over a field F with char = p > 2
and prove a version of Theorem A. In what follows, a residual representation means an SL2(F )-
representation, since we will consider its deformations later. Recall πn = 〈a, b | awn = wnb〉 ,
w = [a, b−1] = ab−1a−1b. Since Le’s argument in [Le93] and the proof of Proposition 1.4 are
clearly applicable to the case over a field with positive characteristic, the character variety over
F has the same defining polynomial. Namely, we have the following assertion.
Proposition 3.5. Let F be an algebraic closure of F . Then the SL2(F )-character variety of πn is
given by (x2−y−2)fn(x, y) = 0. Each conjugacy class of irreducible representations corresponds
to each point on fn(x, y) = 0 with x
2 − y − 2 6= 0.
A residual representation is said to be absolutely irreducible if it is irreducible over an algebraic
closure F of F . The following assertion is fundamental if we work over a finite field, and especially
if we are interested in the rationality.
Proposition 3.6. There is a bijection between the set Rep(πn, F )a.i.//SL2(F ) of the conjugacy
classes of absolutely irreducible representations ρ : πn → SL2(F ) and the set Ch(πn, F )a.i. of
regular F -rational points (α, β) of fn(x, y) = 0 with x
2 − y − 2 6= 0.
Proof. If F is replaced by an algebraic closure F of F , then the assertion is obtained by Ri-
ley’s representation [Ril85, Lemma 7], as well as it follows from a general result [Nak00, The-
orem 6.18]. The Skolem–Noether theorem yields a natural injection Rep(πn, F )a.i.//SL2(F ) →֒
Rep(πn, F )i.//SL2(F ) into the set of conjugacy classes of irreducible representations over F . A
straight forward argument with use of the Hilbert Satz 90, that is, H1(F,SL2(F )) = 1 (cf. [Ser79,
Chapter X]) yields the surjectivity of the composite
Rep(πn, F )a.i.//SL2(F )→ Rep(πn, F )i.//SL2(F )Gal(F/F )
∼=→ Ch(πn, F )a.i.
(cf. [Fuk98, Lemma 2.3.1], [Har11, Proof of Theorem 1.1]).
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The calculation of Reidemeister torsion in [Tra16] and Kitano’s result in [Kit96] are also
applicable to this case, so that we have the following assertion.
Proposition 3.7. If ρ : πn → SL2(F ) satisfies tr ρ(a) = x, tr ρ(ab) = y, then the Reidemeister
torsion is given by τρ(S
3 − J(2, 2n)) = τn(x, y), where we regard that the value is zero if ρ is
non-acyclic.
Each common zero of fn(x, y) and τn(x, y) with x
2−y−2 6= 0 corresponds to each absolutely
irreducible non-acyclic residual representation. Recall that kn(x) is the greatest common divisor
of fn(x, x) and τn(x, x) over Z.
Proposition 3.8. Let −1 6= α ∈ F be a root of kn. Then (α,α) is a regular F -rational point of
fn(x, y) = 0.
Proof. The condition for ρ to be abelian is α2 − 2α − 2 = 0, that is, α = −1, 2. By Corollary
1.13, we have kn(2) = ±1 6= 0, hence we just assume α 6= −1.
As calculated in Subsection 1.6, the partial derivatives at (α,α) are given by
∂fn
∂x
(α,α) =
2((2n − 1)α2 + (−4n + 2)α + 1)
(α+ 1)α(α− 2)(α − 3) ,
∂fn
∂y
(α,α) =
2(nα2 − 2nα− 1)
(α+ 1)α(α− 2)(α − 3)
and they indeed belong to Z[α].
Suppose that (α,α) is a singular point, so that we have
∂fn
∂x
(α,α) =
∂fn
∂y
(α,α) = 0. Then
we have
{
(2n − 1)α2 + (−4n + 2)α+ 1 = 0
nα2 − 2nα− 1 = 0 , hence
{
3n− 1 = 0
(α− 3)(α+ 1) = 0 . However, by sub-
stituting n =
1
3
∈ F , we obtain ∂fn
∂x
(α,α) =
∂fn
∂y
(α,α) =
2
3α(α− 2) , which does not vanish if
α = −1, 3. Hence contradiction, and we obtain the assertion.
The following assertion is a version of Theorem A.
Proposition 3.9. Every absolutely irreducible non-acyclic residual representation corresponds
to a root of kn in F .
Proof. Let (x, y) be a common zero of fn(x, y) = 0 and τn(x, y) = 0 in F
2. Recall the argument
of Lemma 1.6. By a similar argument, we have n 6= 0, 1 in F . If z = 2, then we have x2−y−2 = 0
and the point (x, y) corresponds to an abelian representation. If z = −2 and n is even, then we
have x = 0 and z + 2 =
1
n2
, which is contradiction. If z = −2 and n is odd, then we have
(x, y) = (
2
1− n,
1
n
) and z+2 =
(3n − 1)2
n2(n− 1)2 , which do not contradict if and only if 3n− 1 = 0, so
that we have x = y = 3 in F . In this case, by Corollary 1.13, kn(3) = ±3n− 1
2
= 0 holds. The
rest of the assertion with z 6= ±2 is obtained in a similar manner to the proof of Lemmas 1.6,
1.7 and Propositions 1.8, 1.9.
Proposition 3.9 yields that all common zeros of fn(x, y) and τn(x, y) on x = y are still given
by Proposition 1.9, and are exactly given as long as the values belong to F . Note that each
f ∈ F [[X]] may be uniquely written in the form f = prXsu, where r ∈ Q>0, s ∈ Z>0, and u is a
unit in F [[X]]. The following lemma is obtained similarly to Corollary 1.20.
22
Non-acyclic SL2-representations of twists knots
Lemma 3.10. Suppose
∂fn
∂y
(α,α) 6= 0, so that Hensel’s lemma for fn(x, y) ∈ F [[x− α]][y] yields
the implicit function yf (x) ∈ k[[x − α]] around (α,α), and put τ = τn(x, yf (x)) ∈ F [[x − α]].
Then τ = 0 holds only at x = α. Especially, τ is not a constant.
Suppose instead
∂fn
∂x
(α,α) 6= 0, so that xf (y) ∈ k[[y−α]] is defined and put τ = τ(xf (y), y) ∈
O[[y − α]]. Then a similar result holds.
3.3 Universal deformations
In this subsection, we study universal deformations of absolutely irreducible residual represen-
tations of twist knots, whose definitions were given in the introduction. We fix a field F with
char = p > 2 and a CDVR O with the residue field F . For each local ring R, let mR denote
the maximal ideal. Representations ρ, ρ′ over a local ring R are said to be strictly equivalent if
they are conjugate to each other and their images via modmR coincide. A map satisfying the
SL2-trace relations is called a pseudo-representation, which was initially introduced by Wiles and
Taylor for GL2 and GLn (cf. [MTTU17, Section 1], [KMTT18, Subsection 1.1]). The following
assertions due to Nyssen and Carayol play key rolls in our argument. Let π be any group.
Lemma 3.11 [Nys96, Theorem 1]. Let R be a Henselian separated local ring with the maximal
ideal mR and the residue field F . If there are a pseudo-representation T : π → R of degree two
and an absolutely irreducible representation ρ : π → GL2(F ) with tr ρ = T modmR, then there
is a representation ρ : π → GL2(R) with tr ρ = T , which is unique up to strict equivalence.
Lemma 3.12 [Car94, Theorem 1]. Let ρ, ρ′ : π → GLn(R) be representations over a local ring
R with the residue field F . If the residual representation ρmodmR is absolutely irreducible and
tr ρ = tr ρ′ holds, then ρ and ρ′ are equivalent.
The following lemma is a corollary of [KMTT18, Theorem 2.2.4].
Lemma 3.13. Let ρ : πn → SL2(F ) be an absolutely irreducible residual representation.
If α ∈ O is a lift of α = tr ρ(a) and ρ : πn → SL2(O[[x − α]]) is a deformation of ρ with
tr ρ(a) = x, then ρ is a universal deformation of ρ.
Similarly, if β ∈ O is a lift of β = tr ρ(ab) and ρ : πn → SL2(O[[y − β]]) is a deformation of ρ
with tr ρ(ab) = y, then ρ is a universal deformation of ρ.
Universal deformations for twist knots are given by the following proposition.
Proposition 3.14. Let (α, β) ∈ O2 be a zero of fn(x, y) ∈ Z[x, y] and suppose that the image
(α, β) ∈ F 2 is a regular F -rational point of fn(x, y) = 0, that is, we have ∂fn
∂x
(α, β) 6= 0 or
∂fn
∂y
(α, β) 6= 0 in F . If ∂fn
∂y
(α, β) 6= 0, then the residual representation ρ at (α, β) admits a
universal deformation ρ : πn → SL2(R) with R = O[[x − α]]. If instead ∂fn
∂x
(α, β) 6= 0, then so
it does with R = O[[y − β]].
Proof. If
∂fn
∂y
(α, β) 6= 0 in F , then we have ∂fn
∂y
(α, β) 6= 0 in O, and Hensel’s lemma for
fn(x, y) ∈ O[[x − α]][y] yields a unique element yf (x) ∈ O[[x − a]] satisfying yf (α) = β and
f(x, yf (x)) = 0. Define a map T : πn → O[[x − α]] by T (a) = x, T (ab) = yf (x), and the SL2-
trace relations. (This map T may be directly proved to be the universal pseudo-representation
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of tr ρ over O[[x − α]].) By Lemma 3.11, there exists a deformation ρ : πn → SL2(O[[x − α]])
over O of ρ, which is unique up to strict equivalence. Now Lemma 3.13 yields that this ρ is a
universal deformation over O of ρ.
If instead
∂fn
∂x
(α, β) 6= 0, then we have xf (y) ∈ O[[y − β]] satisfying xf (β) = α and
f(xf (y), y)) = 0, yielding the existence of a universal deformation ρ : πn → SL2(O[[y − β]]).
The proposition above slightly strengthen [KMTT18, Corollaries 4.3, 4.4] by removing the
assumption of the existence of a deformation over O[[x− α]].
Now we recall the relationship between universal deformations and Riley’s universal repre-
sentation. For each (x, y) ∈ O2 with fn(x, y) = 0, Riley’s representation at (x, y) over a quadratic
extension of O is given by
ρR(a) =
x+
√
x2 − 4
2
1
0
x−√x2 − 4
2
, ρR(b) =
 x+
√
x2 − 4
2
0
−(x2 − y − 2) x−
√
x2 − 4
2

(cf. [Ril85, Lemma 7]). This ρR may be regarded a function over the curve fn(x, y) = 0 and is
called Riley’s universal representation.
Suppose again (α, β) ∈ O2 with fn(α, β) = 0 such that a residual representation ρ at the image
(α, β) ∈ F 2 is absolutely irreducible. If ∂fn
∂y
(α, β) 6= 0, then by putting y = yf (x) ∈ O[[x − α]],
this ρR may be regarded as that over a quadratic extension of O[[x − α]]. Since tr ρR is a
deformation of tr ρ over O[[x−α]], by Theorems of Nyssen and Carayol, this ρR is equivalent to
some deformation ρ of ρ over O[[x−α]], which is indeed a universal deformation of ρ over O by
Lemma 3.13.
Now recall that the Reidemeister torsion is an invariant of conjugacy classes of representa-
tions. Since the explicit calculation of Reidemeister torsion with use of the Fox free derivative is
compatible with putting y = yf (x), we see that τρ is the image of τn(x, y) via the natural map
O[x, y]→ O[[x− α]]; y 7→ yf (x) given by Hensel’s lemma.
If instead
∂fn
∂x
(α, β) 6= 0, then we similarly obtain a universal deformation ρ over O[[y − β]]
so that τρ is the image of τn(x, y) via O[x, y]→ O[[y − β]];x 7→ xf (y).
Proposition 3.15. Let the notation be as in Proposition 3.14. If yf (x) is defined, then we have
τρ = τn(x, yf (x)) ∈ O[[x− α]]. If xf (y) is defined, then we have τρ = τn(xf (y), y) ∈ O[[y − β]].
3.4 Non-trivial L-invariants of twist knots
In this subsection, we determine all residual representations with non-trivial L-invariants, as
well as determine the L-invariant themselves. Let F and O be as in the previous section and
let ρ : πn → SL2(F ) be an absolutely irreducible residual representation admitting a universal
deformation ρ : πn → SL2(R) over O.
Proposition 3.16. The 1st homology group H1(πn,ρ) is a finitely generated torsion R-module,
hence the L-invariant Lρ is defined.
Proof. Suppose that ρ corresponds to a point (α, β) ∈ F 2. If ∂fn
∂y
(α, β) 6= 0, then we have
a universal deformation ρ : πn → SL2(O[[x − α]]), where O[[x − α]] is a Noetherian integral
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domain. In addition, for any deformation α ∈ O of α, there exists a unique deformation β ∈ O
of β satisfying fn(α, β) = 0. By Theorem A over an algebraic closure of frO, for all but finitely
many such α, we have τn(α, β) 6= 0, that is, a deformation ρ : πn → SL2(O) at (α, β) is acyclic
and ∆ρ,1(1) 6= 0 holds. Hence we may take α such that ρ is acyclic. We may further assume
det(ρ(a) − I2) = 2− tr ρ(a) = 2− α 6= 0. Now [KMTT18, Theorem 3.2.4] yields that H1(ρ) is a
finitely generated torsion O[[x − α]]-module. If instead ∂fn
∂x
(α, β) 6= 0, then a similar argument
holds. Hence we obtain the assertion.
Note that in the proof above we used the existence of an acyclic deformation of ρ. To the
contrary, we will later use a non-acyclic deformation in the calculation of the L-invariant.
As we remarked in the introduction, the L-invariant Lρ is defined to be the order of H1(πn,ρ).
The description at the end of Subsection 3.1 yields the following equality.
Proposition 3.17. We have Lρ =˙ τρ∆ρ,0(1) in R.
Noting in addition that we have τρ = τρmodmR in F , Lemma 3.10 yields the following
assertion.
Proposition 3.18. The following conditions are equivalent: (i) ρ is acyclic, (that is, τρ 6= 0,) (ii)
τρ =˙ 1, (iii) Lρ =˙ ∆ρ,0(1). If Lρ =˙ 1, then ρ is acyclic.
Here is a basic tool to investigate the L-invariants in O[[X]] = O[[x− α]] or O[[y − α]].
Lemma 3.19 p-adic Weierstrass preparation theorem, [NSW08, Theorem 5.3.4]. Each f(X) ∈
O[[X]] may be uniquely written in the form f(X) = prg(X)u(X), where r ∈ Q>0, u(X) ∈ O[[X]]
is a unit in O[[X]], and g(X) = Xs + (lower terms) ∈ O[X] is a Weierstrass polynomial, that is,
a polynomial satisfying g(X) −Xs ∈ mO[X].
Proposition 3.20. If ρ is non-acyclic, then we have ∆ρ,0(1) =˙ 1, hence Lρ =˙ τρ ˙6= 1 holds.
Proof. We have πn = 〈a, b | r〉 with r = awnb−1w−n. Put Vρ = R2 and consider the right πn-
action via the transpose of ρ. The Lyndon exact sequence gives the twisted complex 0 → V ∂2→
V 2
∂1→ V → 0 with ∂2 = (ρ(∂r
∂a
),ρ(
∂r
∂b
)) and ∂1 = (ρ(a)− I2,ρ(b)− I2) defining Hi(πn,ρ). Note
that ∆ρ,0(1) is the GCD of the 2-minors of ∂1, so that it divides 2−trρ(a) = (2−α)−(tr ρ(a)−α).
In the residual field F , we have kn(α) = 0, while Corollary1.13 yields kn(2) = ±1. Hence α 6= 2,
|2− α|p > 1 (indeed = 1), and 2− trρ(a) is a unit in R, hence so is ∆ρ,0(1). Now Propositions
3.17, 3.18 yield Lρ =˙ τρ ˙6= 1.
Proposition 3.21. Suppose that ρ is acyclic. Then Lρ is non-trivial if and only if tr ρ(a) = 2
in F holds. In this case, if R = O[[x− α]], then we have Lρ =˙ x− 2. If instead R = O[[y − β]],
then we have Lρ =˙ xf (y)− 2 or Lρ =˙
√
xf (y)− 2, where the latter holds if and only if we have√
xf (y)− 2 ∈ O[[y − β]].
Proof. Suppose R = O[[x − α]]. Recall that Lρ =˙ ∆ρ,0(1) and that ∆ρ,0(1) is the GCD of the
2-minors of (ρ(a) − I2,ρ(b) − I2), which is calculated to be that of 2 − x and (x+
√
x2 − 4
2
−
1)(−u − 1) = −√x− 21 +
√
x+ 2
2
(u + 1) in O[[x − α]]. Since √x− 2 6∈ F [[x − 2]], we have
√
x− 2 6∈ O[[x−α]], hence Lρ =˙ x− 2 in O[[x−α]]. We have x− 2 ˙6= 1 if and only if tr ρ(a) = 2
in F holds. If instead R = O[[y − β]], then by regarding x = xf (y), a similar argument yields
the assertion.
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Remark 3.22. A lift ρ±hol : πn → SL2(C) of the holonomy representation may be regarded as
that over the ring of S-integers of a number field. As proved by W. P. Thurston [Thu80], such
ρ±hol is parabolic, that is, we have tr ρ(a) = 2. We wonder if we always have Lρ = x− 2 or y − β
for the residual representations of ρ±hol (cf. Example 3.27).
By Propositions 3.18, 3.20, 3.21, all residual representations with non-trivial L-invariants are
determined. The following lemma connects Theorem B (the common tangent property) to the
property of the L-invariants.
Lemma 3.23. Let α ∈ O be a root of kn with the image α in F and let ρ be a residual repre-
sentation at (α,α). Suppose
∂fn
∂y
(α,α) 6= 0, so that Hensel’s lemma yields the implicit function
yf (x) ∈ O[[x − α]] and there is a universal deformation ρ : πn → SL2(O[[x − α]]). Then we
have Lρ = (x − α)2 × (other divisors). In addition, Lρ is monic, that is, Lρ =˙ g holds for some
Weierstrass polynomial g.
Suppose instead
∂fn
∂y
(α,α) 6= 0. Then the similar holds for Lρ ∈ O[[y − α]].
Proof. Suppose
∂fn
∂y
(α,α) 6= 0. By Propositions 3.9, 3.15, 3.20, ρ is non-acyclic and we have
Lρ = τn(x, yf (x)). Since the partial derivatives of fn(x, y) and τn(x, y) are polynomials in Z[x, y],
the calculations in Subsection 1.6 and especially Corollary 1.19 still hold for yf (x) ∈ O[[x− α]].
Namely, if
∂fn
∂y
(α,α) =
2(nα2 − 2nα− 1)
(α+ 1)α(α− 2)(α − 3) 6= 0, then Lρ ∈ O[[x− α]] satisfies
Lρ|x=α = dLρ
dx
|x=α = 0, d
2Lρ
dx2
|x=α = 2(3n − 1)
2
(α− 2)(nα2 − 2nα− 1)2 6= 0.
Now recall Lemma 3.10. Since yf (x) ∈ F [[x − α]] is the image of yf (x) ∈ O[[x − α]], τ =
τn(x, yf (x)) ∈ F [[x− α]] is the image of Lρ = τn(x, yf (x)). Since τ 6= 0, Lρ is not divisible by p,
that is, Lρ is monic in O[[x− α]].
If instead
∂fn
∂x
(α,α) =
2((2n − 1)α2 + (−4n+ 2)α + 1)
(α+ 1)α(α− 2)(α − 3) 6= 0, then Lρ ∈ O[[y − α]] satisfies
Lρ|y=α = dLρ
dy
|y=α = 0, d
2Lρ
dy2
|y=α = 2(3n − 1)
2
(α− 2)((2n − 1)α2 + (−4n+ 2)α + 1)2 6= 0.
A similar argument yields that Lρ is monic in O[[y − α]].
The following theorem is a full version of Theorem E, determining the L-invariant of all
non-acyclic ρ’s.
Theorem 3.24. Let F be a field with char = p > 2 and let O be a CDVR with the residue field
F . Let ρ : πn → SL2(F ) be an absolutely irreducible non-acyclic representation corresponding
to a root α of kn in F and suppose that O contains a root α of kn such that α is a lift of α.
If
∂fn
∂y
(α,α) 6= 0, so that ρ admits a universal deformation ρ : πn → SL2(O[[x− α]]) over O,
then the L-invariant satisfies Lρ =˙ kn(x)
2 in O[[x − α]]. If p ∤ 3n − 1, then α is always a single
root of kn and Lρ =˙ (x − α)2 holds. If p | 3n − 1, then the multiplicity of α may be m > 1, so
that there are exactly m distinct lifts α1 = α, · · · , αm of α that are roots of kn in an extension
of O, and Lρ =˙
∏
16i6m(x− αi)2 holds.
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If instead
∂fn
∂x
(α,α) 6= 0 so that ρ admits a universal deformation ρ : πn → SL2(O[[y − α]]),
then the L-invariant satisfies Lρ =˙ kn(y)
2 in O[[y − α]], and the similar formulas hold. If both
of
∂fn
∂x
(α,α) 6= 0 and ∂fn
∂y
(α,α) 6= 0 hold, then the L-invariants in O[[x − α]] and O[[y − β]]
coincide via x = y.
Proof. If α is a root of kn in F with multiplicity m, then by taking a larger O if necessary, we
may assume that it lifts to distinct m roots α1 = α, · · · , αm of kn in O. Suppose ∂fn
∂y
(α,α) 6= 0,
so that Hensel’s lemma yields the implicit function yf,i(x) ∈ O[[x−αi]] around each lift (αi, αi).
We have |(x−αi)− (x−α)|p < 1, hence O[[x−α]] = O[[x−αi]] for each i. A standard argument
of Newton’s method (cf. [Eis95, Theorem 7.3]) yields that yf,i(x)’s are the same elements in
O[[x − α]]. By Lemma 3.19, Lρ = τn(x, yf (x)) ∈ [[x − α]] vanishes only at roots β of kn with
|β − α|p < 1, that is, β = α1, · · · , αm. By Lemma 3.23, we obtain Lρ =˙
∏
i(x − αi)2 =˙ kn(x)2.
The case with
∂fn
∂x
(α,α) 6= 0 may be treated similarly.
Remark 3.25. (1) As mentioned in the introduction, there is a remarkable analogy between
Thurston’s hyperbolic deformation theory and Hida–Mazur’s Galois deformation theory. Al-
though non-acyclic representations factor through exceptional Dehn surgeries (Remark 2.1 (2)),
our representations are still in an analogy with p-ordinary representations in the sense of [MT07].
Indeed, since the peripheral subgroup D of a knot group is abelian, the restriction ρ|D of a knot
group representation is always equivalent to
(
χρ ∗
0 χ−1
ρ
)
for some character χρ. Thus our work
lives in the complement of the previous scope in an extended whole picture, that would be
described in future.
(2) For a lift of holonomy representation, we have a geometric analogue of Iwasawa main
conjecture RX(z, ρ) = Aρ(z)
2 in C[[z]] due to Sugiyama [Sug07, Sug09], where RX(z, ρ) is the
Ruelle–Selberg zeta function of geodesics in the analytic side and Aρ(z) is the Alexander invariant
in the algebraic side. We wonder how it would be like if we establish its analogue in our situation
of non-acyclic representations with use of our algebraic L-invariant.
3.5 Examples
We exhibit examples for Propositions 3.6, 3.21, and Theorem 3.24.
Examples 3.26. Let x, y ∈ Fp with fn(x, y) = 0 and put u = x2−y−2, v =
√
1− x
2 − 4
u
. Then
Riley’s representation of πn over a quadratic extension Fp2 of Fp is given by
ρR(a) =
x+
√
x2 − 4
2
1
0
x−√x2 − 4
2
, ρR(b) =
x+
√
x2 − 4
2
0
−u x−
√
x2 − 4
2
.
We have
√
x2 − 4 ∈ Fp if and only if ImρR ⊂ SL2(Fp).
The third author’s representation ρU over Fp2 is given by
ρU (a) =
 x2 1
x2 − 4
4
x
2
, ρU (b) =
 x2 −(1− v)
2u
x2 − 4
−(1 + v)2u
x2 − 4
x
2
.
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Suppose in addition x = y. Then we have
√
x− 2 ∈ Fp if and only if ImρU ⊂ SL2(Fp).
The True/False of
√
x2 − 4 ∈ Fp and
√
x− 2 ∈ Fp coincide if and only if
√
x+ 2 ∈ Fp.
Examples 3.27. When n = −1, we have f−1(x, y) = y2 − (x2 + 1)y + 2x2 − 1, ∂f−1
∂y
(x, y) =
2y − (x2 + 1), and ∂f−1
∂x
(x, y) = −2xy + 4x = 2x(2 − y). Put β = 5 +
√
14
2
, so that β is a root
of f−1(2, y) = y2 − 5y + 7. Then (2, β) corresponds to a lift ρ+hol of holonomy representation
of the figure-eight knot J(2,−2). Let ρ denote the residual representation of ρ+hol over F with
char = p > 2. Note that we have
∂f−1
∂y
(2, β) =
√−14
2
and
∂f−1
∂x
(2, β) = −2−√−14 = 18
2−√−14.
If p 6= 7, then we have Lρ =˙ ∆ρ,0(1) =˙ x− 2 in O[[x− 2]]. If p 6= 3, then we instead have Lρ =˙
xf (y)− 2 =
√
y2 − y − 1
y − 2 − 2 =˙ y − β in O[[y − β]].
Examples 3.28. Here we list for n = −3,−2,−1, 2, 3 all roots of kn in Fp for every p 6 41
admitting a root with |x| 6 5. (See also the table in Subsection 1.7.)
n p x
−3 5 −1,−2
11 −2,−3, 4, 5
19 −3, 4, 5, 6
29 −4,−5, 6, 7
41 −5,−6, 7, 8
−2 7 −1
13 4
29 −2,−6, 12
41 5, 28, 29
−1 p 1
2 5 −1
11 −2, 5
19 −3, 6
29 −4, 7
41 −5, 8
3 3 1
5 1
7 1,−2, 4
17 1,−5, 7
23 −1, 4, 6
Note that x = −1 corresponds to an abelian residual representation. When n = −3 and
p = 5, then we have k−3 = (x + 1)2(x − 3)2 in F5[x]. Other cases in above are all single roots,
hence we have Lρ =˙ (x − α)2 in Zp[[x − α]] or Lρ =˙ (y − α)2 in Zp[[y − α]]. The list includes
[KMTT18, Example 4.5 (3)] (i) n = −3, p = 11, x = 5 and (ii) n = −3, p = 19, x = 6.
Examples 3.29. (i) When n = −1, then we have k−1 = x − 1 for any p. Since ∂f−1
∂x
(1, 1) =
2 6= 0 and ∂f−1
∂y
(1, 1) = 0 in Fp, the implicit function xf (y) ∈ Zp[[y − 1]] is defined while
yf (x) ∈ Zp[[x − 1]] does not, yielding a universal deformation ρ : π−1 → SL2(Zp[[y − 1]]). We
have Lρ =˙ (y − 1)2 in Zp[[y − 1]].
(ii) When n = −3, p = 11, then we have k−3 = −(x2 − 3x + 1)(x2 − x− 1) = −(x + 2)(x −
5)(x+ 3)(x − 4) in F11[x]. If α = −2. then ∂fn
∂x
(α,α) = 257211 = 0,
∂fn
∂y
(α,α) = −2313891 6= 0.
In this case only xf (x) is defined, and we have Lρ =˙ (x+ 2)
2 in Z11[[x+ 2]].
Examples 3.30. If p | 3n − 1 and n is odd, then we have kn(3) = ±3n− 1
2
= 0 in F .
(i) When n = −3 and p = 5, we have k−3 = −(x2 − 3x+ 1)(x2 − x− 1) = −(x+ 1)2(x− 3)2
in F5[x]. Put O = Z5[
√
5]. Then we have x2 − x − 1 = (x + 1−
√
5
2
)(x +
1 +
√
5
2
) in O[x]. If
we take α =
1−√5
2
, then we have
1 +
√
5
2
− α = √5 ∈ mO = (
√
5). Since fy(3, 3) 6= 0, we
have yf (x) and ρ : πn → SL2(O[[x − α]]) with Lρ =˙ (x2 − x − 1)2 = (x − α)2(x − α +
√
5)2 =
28
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(x−α)4+2√5(x−α)3+5(x−α)2. We may also verify the equality d
2Lρ
dx2
|x=α = 5 by substituting
the value into the formula
d2τn(x, yf (x))
dx2
|x=α = 2(3n − 1)
2
(α− 2)(nα2 − 2nα− 1)2 in the proof of Lemma
3.23.
(ii) Similarly, when n = 5 and p = 7, we have p | 3n − 1 and k5 = (x3 − 4x2 + 3x+ 1)(x3 −
2x2 − x+ 1) = (x+ 1)3(x− 3)3 ∈ F7[x]. By putting O = Z7[ 3
√
7] and letting α ∈ O be a root of
k5 with the residue α = 3, we have Lρ =˙ (x
3 − 2x2 − x+ 1)2 in O[[x− α]].
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